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1 Combinations of random variables

Expected mean and variance for X +Y
Reminder

Forany two random variables X and Y
FlaX] = aF[X] and VarfaX] = &’ VafX]
EIX+Y] = EX]+E[Y] and E[X-Y] = E[X]- HY]
and fortwo independent random variables
ValX +Y] =ValX] +ValY] and ValX-Y] =VaiX]+ValY].

Combining independent normal random variables Y

If X; and X; areindependent normal random variables
X1 ~ N, o) and X ~ N(u, o))

then Xj +X and X; -X; arealso nommal random variables
X1 +Xp ~ N +42, 01” +020)

and X; - Xo~ N(ui - 1, 01> +02)

Exanple: X; and X, areindependent normal random variables
X; ~N(21,12) and X; ~N(9, 6).
Find the expected mean and standard deviation of X; - 2Xo.

Solution: E[X;] =21, ValX;] =12 and E[X;] =9 VafXy] =6
=  E[2X)] =2E[X;] =2x9=18
and  Val2Xp] = 22 x ValXy] =4x 6=24
=  EXi-2%] =HX] - E[2X] =21-18 =3
and ValX; - 2X] = VaiXi] + Vai2X;] = 12+24 = 36
= the expected mean and standard deviation of X; - 2X; are 3 and V36 =6. Answer
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Example: The weights of empty coffee jars are nommally distributed with mean 0.1 kg and standard
deviation 0.02 kg. The weight of coffee in the jars is nonmally distributed with mean 1 kg and
standard deviation 0.06kg.

Find the distribution of 12 full jars of coffee.
What is the probahility that 12 full jars weigh more than 13-5 kg?

Solution: Let X, Xy, ... Xi2 be the weights of 12 empty jars and Ys, Yo, ... Yi2 be the weights of coffee
inthejars. X ~N(0-1, 0028 and Y ~N(1, 0-069.

Let Whe the total weight of 12 full jarsthen W=X; +X; +... +Xi2 + Y1 +Y2 +... +Yio.
Then E[W] = 12E[X] + 12E[Y] =12x01+12x1 =132

and, assuming independence,

VaiW] = 12VafX] + 12VafY] = 12x 0022 +12x 006> = 008.

As we are combining nonmal distributions

the distribution for 12 full jarsis N{13.2, 0-048). Answer

The probability that 12 full jars weigh more than 13 5 kgis

1@[13' 5-13-2
J0-048

Jl@(l-?ﬂ) = 0-0853 to 3S.F. Answer.

2 Sampling
Methods of collecting data

Taking a census

A census involves observing every member of a population

and is used if

the size of the population is small

or if extreme accuracy is required.
Advantages

it should give a completely accurate result, a full picture.
Disadvantages

very time consuming and expensive

it cannot be used when testing process destroys article being tested

information is difficult to process because there is so much of it.

Sampling

Sampling involves observing or testing a part of the population.

It is cheaper but does not give such a full picture.

The size of the sample depends on the accuracy desired (for a varied population a large sample will be
required o give a reasonable accuracy).
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Simple random sampling
Every member of the population must have an equal chance of being selected.

Using random number tables

To take a simple random sample of size n froma populationof N sampling units first make a list and
give each member of the population a number. Then use random number tables to select the sample.

We ignore any numbers which do not refer to a member of the population - for example using three
figure random numbers for a population mmbered from 001 to 659 we would ignore numbers from 660
o0 999.

Also we ignore the second occurrence of the same mumber.

Advantages
the mmbers are truly random and free from hias
itis easy to use
each member has a known equal chance of selection
Disadvantages
itis not suitable when the sample size is large.
Lottery sampling
A sampling frame is needed - identifying each member of the population. The name or mumber of each

memberis written on a ticket (all the same size, colour and shape), and the tickets are all putina
container which is then shaken. Tickets are then drawn without replacement.

Advantages

the tickets are drawn at random.
itis easy to use.
each ticket has a known chance of selection (considered as constant as long as the sample size is
much smaller than the total number of tickets).
Disadvantages

it is not suitable for a large sample
a sampling frame is needed.

Systematic sampling

First make an ordered list, and divide info equal groups each of size 50 (or??).

Second select every 50™ (or ??) member from the list.

In order to make sure that the first on the list is not automatically selected random number tables must be
used to select the member in the first group, then select everySOth(or??) after that.

Used when the population is too large for simple random number sampling.

Advantages

simple to use
suitable for large samples

Disadvantages
only random if the ordered list is truly random.
it can infroduce hias
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Stratified sampling

First divide the population into exclusive (distinct) groups or sirata and then select a sample so that the
proportion of each siralum in the sample equals the proportion of that strabum in the population.

Example: How would you take a stratified sample of 50 children from a school of 500 pupils divided

as follows:
Boys Girls
Upper sixth 30 40
Lower sixth 30 30
Fifth foorm 70 60
Fourth foom 60 70
Third form 50 60

Solution: As 50 is Y/ of the total population, /10 0f each stratum should be selected in the sample.

Thus the sample would comprise
Boys Girls
Upper sixth 3 4
Lower sixth 3 3
Fifth form 7 6
Fourth form 6 7
Third form 5 6

and simple random mummber sampling would be used within each stratbum.

Used when
the sample is large
the population divides naturally into mutually exclusive groups.
Advantages
it can give more accurate estimates (or a more representative picture) than simple random number
sampling when there are clear strata present.
It reflects the population structure.

Disadvantages
within the sirata the problems are the same as for any simple random sample
if the strata are not clearly defined they may overlap.

Sampling with and without replacement

Simple random sampling is sampling without replacement in which each member of population can be
selected at most once.

In sampling with replacement each member of the population can be selected more than once: this is
called unrestricted random sampling.
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Quota sampling
This is a non-random method.

First decide on groups into which the population is divided and a number from each group to be
interviewed to form quotas.

Then go out and interview and enter each result into the relevant quota.
If someone refuses to answer or belongs to a quota which is already full then ignore that persons reply and
continue interviewing until all quotas are full.

Used when it is not possible to use random methods - for example when the whole population is not
known (homeless in a big city).

Advantages
can be done quickly as a representative sample can be obtained with a small sample size
costs are kept to a mininum
administration is faidy easy.
Disadvantages
it is not possible to estimate the sampling errors (as it is not a random process)
interviewer may not put into correct quota
non-responses are not recorded
it can infroduce interviewer bias

Primary data
Primary data is data collected by or on behalf of the person who is going to use the data.
Advantages

collection method is known

accuracy is known

exact dafa needed are collected

Disadvantages
costly in time and effort

Secondary data

Secondary data is data not collected by or on behalf of the person who is going to use it. The data are
second-hand - e.g. govermment census statistics.
Advantages

cheap to obtain

large quantity available (e.g. intemet)

much has been collected year on year and can be used to plot trends

Disadvantages
collection method may not be known

accuracy may not be known
it canbe in a form which is difficult to handle

bias is not always recognised.
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3 Biased & unbiased estimators

Exanple: A bag contains a large number of coins, of which 2 are 2p coins and ; are 5p coins.

(@  Xisthevalue of asingle coin draw from the bag. Find the expected mean of all coins in
the bag, » =E[X].
Samples of size 3 are now drawn from the bag.

(b) Find the sampling distribution of and the expected value of (i) the median, and (ii) the
mean.

(c) (1) The median, Q,, is used as an estimator of the mean of all the coins, x. Show that
(%, is ahiased estimator of 4, and find the hias.

(i)  Themean, X, is used as an estimator of the mean of all the coins, 4. Show that X is
an unhiased estimator of .

(d k(}, is now used as an unbiased estimator of the mean of all the coins. Find the value of k
Solution:

@ p=HX]=Yxp,=2Ix2+ix5=3-8

(b) Sample Probability median mean
222) @ == 2 2
(225),(252), (522) 3x()°xi= = 2 3
(255), (525), (552 3xix(3)’ = = 5 4
(555) @’ = 22 5 5
Sampling distribution
()  Medin (i)  Mean

Q=% n XD X=x n B
8+36 88 8 16
2 9B = 2 = T
54427 ﬁ 3 ﬁ @
125 125 125 125
493 4 = o
125 125 125
27 135
5 T o5
475
=

493 = 475

= EQl=2 =304 EX] =22 =38
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Unbiased estimator:
If X (usually found from a sample) is used to estimate the value of a population parameter;
t, then X is an unhiased estimator of t if E[X] =the true value of the parametert.
Bias: If an estimator, X, is biased, then the hias is the difference between E[X] and the true value
of the parametert.
(c) (@) ThemedianQ;isused as the estimate of the mean.
From part (a) we know that the true value of the mean x is 3 8, and in part (b) we have
shown that E[Q,] =3944
= (), is a biased estimatorof g,
and the hias is |[E[Q;] - true value of 4 =|3-944 - 3.8 =0-144
(ii) ThemeanX is used as the estimate of the mean.
From part (a) we know that the true value of the mean x is 3-8, and in part (b) we have
shown that E[X] =38
=  EX] = the true value of the mean
= X isanunbiased estimatorof

(d Ifwenowusek(,asanunbiased estimator of the mean value of all the coins.
493

EkQ.] =kHQ:] =—k

125
475

But the true mean y =—

125
If k() is an unbiased estimator of x, E[kQ:] =true value of u

493 475 475
k= = k=—.
125 125 493

Exanple: A sample of size 3 is drawn from a binomial distribution B(10, 0-25) and the mean, X, is
calculated.

The probability of success, p, is estimated by p = %)_(. Show that p is an unbiased estimator of p.

Solution:  E[X] =np=10x 0-25 =25
Forasample {Xi, Xo, X3}, X = %(Xl + X + X3)
= E[X]=E[S(X, + X, +X3)| =1 (E[X,] + E[X,] + E[X5])
= E[Y]=§ X3 x2:5=25 sinceE[X;] = E[X] =2-5, fori=1,2,3
1

= E[p]=E [;—OY] :%E[ﬂ = — x 2-5 =025, which s the true value of p

= = %Y is an unbiased estimator of p.
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Example: A sample of size 4 is drawn from a continuous uniform distribution, Ul 3, £ |. The mean of
the sample, X, is calculated.

The upper limit, /3, is estimated by # = 2X — 3. Show that £ is an unbiased estimator of 4.

Solution:  E[X] =2 (3+)
Forasample {X;, Xp, X5 Xa}, X = E(Xl + X+ X3+ Xy)
E[X] =E[$(X, + X, + X; + X,)| = T(BIX,] + E[X,] + E[X;] + E[X,])
E[X] =§ X 4 x E[X] = E[X] sinceE[X;] = E[X], fori=1,2, 3,4
E[X]= @3+ 5)
E[f] =E[2X - 3] =2E[X]-3=2x; (3 + f)-3=§,
E[f] =8 which is the true value of the (unknown) upper limit, /.
f = 2X — 3 isanunbiased estimator of 2.

L

There is more on biased and unbiased estimators in the Appendix.
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Unbiased estimators of zand o ?

Estimating # and o’ from a sample

We usuelly do not know the meen, 4, and the variance, o2, of a population.
To estimate these values we take a sample {Xi, Xo, X, ..., Xa} of size n and calculate
the sample mean, X =%ZXL- , and

(sd)y® = ~%X* — X2 = ~%(X - X)?

n

these can be compared with the fonmulae for population variance from the S1 module.

It can be shown that E[ X | =the true value of
= X ={ isanunbiased estimator of the population mean 2.

It can be shown that E[(sd),”] =""o* ... I
= (sd),” isabiased estimatorof ¢ 2.
1= E[%(sd)le =X ”T_laz = ¢ 2 the true value of the variance

= ——(sd),” = 6% isanunbiased estimator of the population variance, o 5

(Proofs of these results are given in the Appendix.)

Note: the Edexcel course uses both the letters S* and sf to mean the unbiased estimate of o2

Also, the term Sample Variance is used to denote the unbiased estimate of &%, the variance of the
population.

In these notes I shall always think of the variance, (sd),”, as - % X;> — X2 = ~%(X - X)?
Tofind & or siz,ﬂ]embiasedeﬁﬁnﬁtorfora 2

Calculate (sd),”, and then multiply by =
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Exanyle:

The weights of a sample of five chocolate bars produced by a machine were 56, 53, 57, 51 and %4
grams. Find unbiased estimators for the weight of all chocolate bars produced by that machine.

Solution:
X X—X (X — X)?2
56 1.8 324
53 -1.2 1.44
57 2.8 7.84
51 -32 1024
A -02 004
271 22.8
= X =_-%X= = 542

= (sd)” = ZA—KP =22 = 456
= 8% = "= (sd),"= - X 4:56 = 5-7

Answer Unbiased estimators for the mean and variance of all chocolate bars are 54-2 grams

and 57 grams®.

Example:  The volume of water in each of a sample of 14 litre bottles of water from a day’s
production is taken. The results are shown below, in .
1023, 1019, 1004, 1011, 1023, 1014, 1017, 1020, 1020, 1010, 1025, 1007, 1016, 1019

Find unbiased estimates for the mean and variance of all bottles produced on that day.

Solution: ~ First find the samplemean, X, = -~ = 1016286....
(finding X — X each time) would give unpleasant arithmetic,
souse(sd), = Z¥ X2 — X2

n

Y X% = 14460232

14 14

2
= (sd),t =22 (B — 3706122

= @ =sxz=n”Tl (sd),? = 11 X 37-06122 .. = 39-91209 ..

4-1

Answer Unbiased estimators for the mean and variance of the whole day’ s production are
10163 ml and 39-91 m>,
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Exanple: The weights of a sample of 15 packets of biscuits are recorded and give the following
results.

¥ X =3797 grams, and T X ? =973692.
Find unbiased estimators for the mean and variance of all biscuits produced by this
PrOCESS.

Solution: p =X = 22 = 253-133 ... = 252 - 1 grans.

15

(sd)’ = ~3x*> — X2 =22 (ﬂ)2 =8363156...

15 15
= §° =§ X 836 3156... = 896 - 0524 ... = 896-1 grams™
Answer Unbiased estimators are i =2521q, and 6 2 =8961 ¢

Exanple: The lengths of 10 rods are measured, and the sample has mean, X =267 cmand variance
s* =769 cn’. An eleventh rod has length 30 cm
Find (a) the mean and (b) the variance of the sample of 11 rods.

Solution: (a) With the sample mean there are no complications.

1 10 10
Forn = 10, X;4 = EZXE =267 = ZXL-:267
i=1 i=1

11
_ 1
Forn = 11, in=267+30=297 = Xu=1p
i=1 i

(b) WARNING: The question refers to the variance of the sample, which means theunbiased
estimate of the variance of the population.

11
% = 297_27
2 K= = arem

10 9
si” =769 =T X (sd)gp? = (sd)yo® = —x76-9 = 69-21

10
1 _
= (Sd)loz = EZ XI‘Z - X-I_OZ =69-21

i=1
= ZXiZZ 692-1+10x26-7% = 7821

11
with extra rod = inz — 7821+ 30% = 8721

=1

L
1< 8721 702
2 = 2
= (s’ =37 ) XK= Ru’ = -2 =
i=1
, S SRR € WO - S
= = — = —x— = 70-
S’ S HI—p e T 4 e

For 11 rods, sample mean is 27 cm, and sample variance is 70-2 cnt.
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Confidence intervals and significance tests

Sampling distribution of the mean

14

X isarandom variable draw from a population with mean y and standard deviation o.

_ _ ) - X+ X+ .+ X
If {X4, Xy, ..., Xn} isarandom sample of size nwithmean X =

n
then E[Xi] =y, and VafX]=¢2 fori=1,23 ...,n
and the expected mean of the population of sample means is
B[] = E{X1+X2+ +Xn}
n
_1 1
= 1—1(E[Xl]+ HX,1+ .. HX,]) = E(y+y+ o 1)
Also the expected variance of the population of sample means is
Val‘{f] . Va\'{XlJrXZJr +Xni| assuming that all the X; are independent
n
= L (ValX 1+ Vaix Var X L o2 +0? . g2) =22 =2
—F(al{l]+ afX, ]+ .. al{n])=Fa +0° .. 0 =% ~ g

This means that if very many samples were taken and the mean of each sample calculated then the

2

mean of these means would be # and the variance of these means would be %.

It can also be shown that the sample means form a Nommal distribution (provided that n is ‘large
enough’).
We can then say that for samples drawn from a population with mean ¢ and variance o?,

2
the sampling distribution of the mean is N(z, % ).
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Central limit theorem and standard error

The central limit theorem states that

If {X, Xy, ..., Xy} isarandom sample of size n drawn fromany population with mean x and
variance o2 then the population of sanple means

()
(i)

(i)

has expected mean
2
has expected variance g
n
forms anormal distribution if n is ‘large enough’.

_ 2
ie X ~N(y,a—j ;
n

The central limit theorem is used for sampling when the sample size is ‘large’ (>about 50) as the
population of sample means is then approximately normal whatever the distribution of the original
population,

The standard error of the sample mean is —

Exanple:
36
@
(ii)
(iii)

Solution:
(1)
=

(if)

(ii1)

Vn

A sample of size 50 is taken from a population of eggs with mean 23-4 grams and variance

Find the probahility that a single egg weighs more than 25 grams.
Find the probahility that the sample mean is larger than 25.
What assumptions did you make?

The weight of a single egg, X ~ N(234, 69)
P(X >25) = (25—23-4

6

):@(0-27) = 0- 6064
u =234, c2=36

The sample meen X ~ N(23-4, (i)z)

V50,
standard eoris = = —— = 0.848528137
Vn 50

X ~ N(23-4, 0-8485 ..2)
P(X >25) =1- @ (25‘23"‘)

0-8485...

=1- ®(1.89) =1- 09706 (from Normal tables)
= 00294.

We have assumed the Central Limit Theorem: in particular that the sample means form a
normal distribution .
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Confidence intervals

Central Limit Theorem Example

Example:
A hiscuit manufacturer makes packets of biscuits with a nominal weight of 250 grams. It is known
that over a long period the variance of the weights of the packets of hiscuits produced is

25 grams®. A sample of 10 packets is taken and found to have a mean weight of 2534 grams.
Find 95% confidence limits for the mean weight of all packets produced by the machine.

Solution:
First assume that the machine is still producing packets with the same variance, 25.

Suppose that the mean weight of all packets of biscuitsis x grams then the population of all
packets has mean ¢ and standard deviation 5.

From the central limit theorem we can assume that the sample means fornm an approximately

nomal population with mean x and standard enor (standard deviation) Lo e 1.5811
Vn 410
95% of the samples will have a mean in the g
region
-19% < Z < 19% b
We assurme that the mean of this sample, 2534,
lies in this region o6 T 196 -

~1.9600 <=3+ - 1.9600

1-5811

~1.9600 <Z=F and Z2F <1.9600

1-5811 15811
4 -1.9600x 1-5811 <2534 and 2534 <z +1-9600 x 1-5811
u <2534 +1.9600x 1-5811 and 2534 - 19600 x 1.5811 <
2534 - 19600 x 1.5811 < 1 <2534 +1-9600 x 1-5811
2503 < u <2565

OV (R U

This means that 95% of the samples will give an inferval which confains the mean
and we say that [250-3 g, 2565 d] isa 95% confidence interval for p.

This means that there is a 095 probahility that this interval contains the true mean.

It does not mean that there is a probabhility of 095 that the true mean lies in this interval - the true
mean is a fixed number;, and either does or does not lie in the interval so the probability that the
true mean lies in the interval is either 1 or 0.
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In practice we go straight to the last line of the example:

o

95% confidence limitsare ¢ + 1-9600 x since P(Z-1.9600 <z <1-9600) =0-95

N
tables give P(Z >1.9600) = 0.025
90% confidence limits are ¢ = 1.6449 x \% since P(Z-1-6449 <7 <1.6449) =090

tables give P(Z>1.6449) = 005

Other confidence limits can be found using the Nonmal Distribution tables.

Exanmple: A sample of 64 packets of comflakes has a mean weight X =510 grams and a variance
$2 =36 grams”. Find 90% confidence limits for the mean weight of all packets.
(Note that the ‘sanple variance’ is taken as the unhiased estimate of a2)

Solution: Weassume that the sample variance =the variance of the population of all packets
= S?=36=c~
Now find standard deviation (stendard error) of the sampling distribution of the mean (population

(3]
of sample means), Starx:]ardenor=i:—:0-75
) Jn Je4

For90% confidence limits z = +1.6449  (rememberto use the 4 p.p. tables after the Normal Dist. tables),
using the sample mean X =510 grams

= 90% confidence limitsare 510 +1.6449x 0.75 = 510+ 1.234

= a 9% confidenceinterval is [508-8, 511-2] to4 s.E

Note that we have assumed that the unbiased estimate, S (=36), is the actual variance, &2, of the
population.

This is a reasonable assumption as the number in the sample, 64, is large and the enor introduced is
therefore small.
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Significance testing- variance of population known
Mean of normal distribution

Example:
A machine, when correctly set, is known to produce ball bearings with a mean weight of 84 grams
with a standard deviation of 5 grams. The production manager decides to test whether the machine
is working comrectly and takes a sample of 120 ball bearings. The sample has mean weight
83.2 grams. Would you advise the production manager to alter the setting of his machine? Use a

5% significance level.
Solution:
1) Hy: ¢t =84 grams
2) Hi: u+ 84 grams = 2 tail test

(Note that the machine is not working correctly if the test result is too high or too low)
3) 5% Significance level
4) The Test
We assume that the machine is still working with a standard deviation of o =5¢.
From Hy, the mean weight of all ball bearings is assumed to be z =84 g.
These are the parameters for the population of all ball bearings.

We want to test a sample mean and therefore need the mean and standard deviation of the
population of sample means (the sampling distribution of the sample mean, X).
Expected mean of the sample means =4 =84 g. and

. 5
expected standard deviation of the sample means =standard enmor = et = 0-456435...
Jn o V120
‘We have an observed mean of 832
For a two-tailed test at 5%, we take 2-5% at.
eachend

P(X <832) =@ (8584 ) = 0(-1. 7527)
= (1 - ®(1-75)) =0-0401 .
=4.01% > 2.5% :

and so not significant at the 5% level. 83-2 &

5) Conclusion

Do not reject Hy at the 5% level and advise the production manager that there is evidence that:
he should not change his setting, orthat there is evidence that the machine is working cormrectly,
etc.
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Difference between means of normal distributions

Suppose that X and Y are two independent random variables from different nonmal distributions -
X ~Nuy o) and Y ~ N, o).

If samples of sizesny and 1y, are drawn from these populations

then the distributions of the sample means, X and ¥ will be nommal

X~ N x,ﬁ and?~N( "Lz)
(“ n,,) B %

E[X — Y] =E[X]—E[Y] and Var[X — Y] = Var[X] + Var[Y]
= the differences of the sample means, X — Y, will be normal

X-7)~N Jx2+ By
e by ot

Example: The weights of chocolate bars produced by two machines, A and B, are known to be
nomally distributed with variances 6,2 =4 and oy” =3 grams’. Samples are taken from each
machine of sizes my =25 and 1ng =16 whichhavemeans X, =123-1 and Xs=124-4
grams. Is there any evidence at the 5% significance level that the bars produced by machine B are
heavier than the bars produced by machine A?

Solution:
Suppose that the mean weights for all bars from the two machines are 4 and up
Hy:  pa =
Hi: s >un one-tail test at 5% level

The test statistic is the observed difference between sample means,

X5 - Xa =1244-1231=13,
and we nmust find the variance of this population of differences of sample means (the sampling
distribution of differences of sample means).
Considerthe population of differences of sample means X5 - Xa.
Firstly, for the population of sample means for machine B
2
Ty >

expected variance Var{ XB] =—=—
n, 16

S3JUNE 2016 SDB 19



and secondly, for the population of sample means for machine A
. 2

expected variance Varf X a] =24 = &

n, 2

and so forthe population of differences of sample means
expected mean =F[ X5 - Xa] = s - up =0 (fromHy)
and VafXp - Xa] =VafXs] + Vaf Xa]
= %4 P =g+ = 03475,
The observed difference, the test statistic, is 124-4- 1231 =1.3
and the standard erroris /0~ 3475)
The Ceniral Limit Theorem tells us that we have a Normal distribution

= P(difference >1.3) =1- @ _A3-0 =1-®(2-2053)
+/0-3475)
=1-®(2-20) =1-09861 = 00134

=134% < 5%

= significant at 5% level so rgject Hy and conclude that there is evidence that machine B is
producing bars of chocolate with a heavier mean weight than machine A.

Fortunately (!) the formula for testing the difference between sample means

7 = X=Y - (Ux—Hy)

is in your formula booklet.

ax? | oy?

Ny ny
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Significance testing - variance of population NOT known, large sample

When the variance of the population, o %, is not known and when the sample is large, we assume that the
variance of the sample (meaning the unbiased estimate of &%), S?, is the variance of the population, &°.
As the sample is large, the enor introduced is small.

Mean of normal distribution

Exanple: A machine usually produces steel rods with a mean length of 254 cm. The production
manager wants to test 80 rods to see whether the machine is working correctly. The sample has
mean 25 31 cmand variance 033 cn’. Advise the production manager; using a 5% level of
significance.

Important assumption

The sanple variance, S, istakenas, 2, the unhiased estinate of the variance of the
population, o’ and we then assune that the population variance equals the unhiased estinate.

Solution:
Ho: u =254
Hyi: u=#254 two-tail test, 2:5% in each tail

We assume that population variance ¢* = the sample variance & =033
= o =033
Forthe population of sample means (the sampling distribution of the sample means)
expected mean = 254 from hypothesis
% = % =0-036895121.
The observed sample mean is 25.31 and for a two-tail test at 5% we consider
( 25:31-254
0-036895121

= rgject Hp and conclude that there is evidence that that the machine is not producing rods of
mean length 254 cm.

and standard enror =

)=cp(—z-4393) = 1-®(2-44) = 00073 <25%
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Difference between means

Exanple:

A fitm has two machines, A and B, which make steel cable. 40 cables produced by machine A
have a mean breaking strain of 1728 N and variance of 75> N?, whereas 65 cables produced by
machine B have a mean breaking strain of 1757 N and a variance of 632 N?. Is there any evidence,
at the 10% level, to suggest that machine B is producing stronger cables than machine A?

Solution:

22

Let ua and up be the mean breaking strengths of all cables produced by machines A and B.
1) Ho:  pa =ps

2) Hi: > ua 1 tail test
3) Significance Level 10%.
4) The Test
For Machine A
We assume that the population variance, ox’ =the sample varance, S, = 75°
oy 15

=% variance of sample means Ve X ] = o D =140-625.

For Machine B
We assume that the population variance, o’ =the sample variance, S.* = 63
— 2
=5 variance of sample means Varf Xg] = %%%ﬂ-%l&...

For differences in sample means Xp - Xa
Expected mean =0 from hypothesis
Expected varianceis Varf Xp - Xa] = Val Xp] +Vaf Xa]
= 140625 + 61.0615... = 201-6865...
= standard deviation or standard enror =v201 - 6865 ... = 14.2016....
We have an observed difference in means,
test statistic, Xp - Xa =1757- 1728 =29
and fora 1-tail test that B is stronger

we need the area to the ight of 29 mean is treated as continuous, so do not use 28.5
=1 = cp(ljf;;lz ) =1- ®(2-04) =00207 < 10%

which is significant at 10%.

5) Conclusion

Reject Hp at the 10% level and conclude that there is evidence that machine B produces
cables with a greater mean strength than machine A.
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5 Goodness of fit, x* test

General points

o They? test can only be used to test two lists of frequencies - the observed and the expected
frequencies calculated from the hypothesis.
o The expected frequencies do not need to be integers (give 2 D.p.)
— s 2
0 ﬁzZ%, where O; and E; are the observed and expected frequencies.

o If the expected frequency fora class is less than 5, then you must group this class with the next
class (ortwo ...).

o Thenumber of degress of freedom, v, is
the number of cells (after grouping if necessary) minus the number of linear equations connecting
the frequencies.

Discrete uniform distribution
Exanple: A dieis rolled 300 times and the frequency of each score recorded.

Score: 1 2 3 4 5 6
Frequency: 43 49 54 57 46 51
Test whether the die is fair af the 2- 5% level of significance.
Solution: Hy:  Thedieis fair, the probahility of each scoreis Y.
Hi:  Thedieis not fair, the probability of each score is not Ye.
The expected frequencies areall Y x 300 =50 and we have

Score Observed Expected (O —E,)?

frequency frequency T
1 43 50 0-98
2 49 50 0-02
3 54 50 0-32
4 57 50 0-98
5 46 50 072
6 51 50 0-02
Totals 300 300 3-04

= *=3M
and v =mumber of degrees of freedom = n-1 =6-1=5
since the total is a linear equation connecting the frequencies and is fixed.
Fromtables wesee that  72(2-5%) = 12-832 > 3- 04, so our observed result is not significant.
We do not reject Hy and conclude that the die is fair.
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Continuous uniform distribution
This is very similar to the discrete uniform distribution - pay attention to the class boundaries and find the
expected frequencies.

Binomial distribution
Far Hy The Binomial distribution is a good fit.

we use the mean of the Observed frequencies to calculate the Expected frequencies, and so both O; and E
give the same mean and total: thus there are 2 linear equations connecting the frequencies and v =n- 2

but For Hy The Binomial distribution, B(30, 0-3), is a good fit
the means using O1 and E; will be different: thus there is only 1 linear equation, the total, connecting the
frequenciesand so v =n- 1.

Poisson distribution
For Hy The Poisson distribution is a good fit

we use the mean of the Observed frequencies to calculate the Expected frequencies, and so both O; and E
give the same mean and total: thus there are 2 linear equations connecting the frequencies and v =n- 2

but For Hy The Poisson distribution, P,(3), is a good fit

the means using Oi and F; will be different: thus there is only 1 linear equation, the total, connecting the
frequenciesand so v =n- 1.

Exanyple: A switchboard operator records the mumber of new calls in 69 consecutive one-minute
periods in the table below.

number of calls 0 1 2 3 4 5 >6
frequency 6 9 1 15 13 9 6
a) Say why you think that a Poisson distribution might be suitable.

b) Find the mean and variance of this distribution. Do these figures support the view that they
might form a Poisson distribution?

c) Test the goodness of fit of a Poisson distribution at the 5% level.
Solution:

a) Telephone calls are likely to occur singly, randomly, independently and uniformly which
are the conditions for a Poisson distribution.

b) Treating > 6 as 7 we calculate the mean and variance

X f xf x“f
0 6 0 0
1 9 9 9
2 11 22 44
3 15 45 135
4 13 52 208
5 9 45 225
7 6 42 294
69 215 915
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=  mean= /g =312
and variance = g - (*%/g)* =355.

From these figures we can see that the mean and variance are approximately equal: since the
mean and variance of a Poisson distribution are equal this confinns the view that the
distribution could be Poisson.

c) Hy:  The Poisson distribution is a suitable model
H;:  The Poisson distribution is not a suitable model.

AP

The Poisson probahilities can be calculated from P(r) = -

expected frequencies by multiplying by N =69.
Note that the probahility for > 6 is found by adding the other probahilities and subiracting

where 4 =312, and the

from 1.
X O P E @] E (O-E)?
(grouped)  (grouped) B

0 6 0044337 3059234

1 9 0138151 9532395 15 1259 0461326

2 1 0215235 148512 1 1485 (0993148

3 15 0223553 1542515 15 1543 (0011983

4 13 0174145 12.01597 13 1202 0079900

5 9 0108525 7488214 9 7-49 0304419

>6 6 009056 6627836 6 663 0059864
69 69 69.01 1.915641

The expected frequency forx =0 is 3.06 <5 so it has been grouped withx =1.
Thus we have n =6 dlasses (after grouping) and v =n- 2 =4
and y;(5%)=9.488.

We have calculated * = 1.92 < 9.488 which is not significant so we do not reject Hy
and conclude that the Poisson distribution is a suitable model.
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The normal distribution

For Hy The Normal distribution is a good fit

we use the mean and variance of the Observed frequencies to cal culate the Expected frequencies, and so
both O; and E; give the same mean, variance and total: thus there are 3 linear equations connecting the
frequenciesand v =n- 3

but For Hy The Normeal distribution, N(14, 3?), is a good fit

the means and variances using Oi and E; will be different: thus there is only 1 linear equation, the total,
connecting the frequenciesand so v =n- 1.

Exanmple: The sizes of men's shoes purchased from a shoe shop in one week are recorded below.

size of shoe <6 7 8 9 10 11 >12

number of pairs 14 19 29 45 40 21 7

Is the manager’s assumption that the nonmal distribution is a suitable model justified at the 5%
level?

Solution: Hyp:  Thenomal distribution is a suitable model
Hi: Thenomal distribution is not a suitable model.

The total mmber of pairs, mean and standard deviation are calculated tobe 175, 8.886 and
1.713 (taking< 6 asb5 and > 12 as 12)

Remembering that size 8 means from 7.5 to 8.5 we need to find the area between 7.5 and 8.5 and
multiply by 175 to find the expected frequency for size 8, and similarly for other sizes.

X g X—m @(2) class area =p E=17p O (0-E)?
S E

6.5 -1.39 0.082 <6.5 0.082 144 14 0.01
75 -0.81 0.209 6.5t 75  0200-0082=0.127 22.2 19 0.46
85 -0.23 0.409 75085  0409-0200=0.200 35.0 29 1.03
95 0.36 0.641 85095  0641-0400=0.232 40.6 45 048
10.5 0.9 0826 9510105 o08%-0641=0.185 324 40 1.78
11.5 1.53 0937 105t 115 o0937-0826=0.111 194 21 0.13
>11.5 1-0937=0.063 11.0 7 145

5.3

n =7 classes & 3 linear equations connecting the frequencies (N, m,s) = v=n- 3=4.

72(5%) =9.488 and we have calculated 7* =5.34 <9.488 and so we do not reject Hp and
therefore conclude that the normal distribution is a suitable model.
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Contingency tables

Fara 5 x 4 table in which the totals of each row and column are fixed the ‘?’" cells represent the degrees
of freedom since if we know the values of the ?s the frequencies in the other cells can now be calculated

A B C D E total

W ? 2 ? ? v
X 2 2 ? ? v
Y ? 3 2 ? v
y4 v
totals v v v v v v

Thus thereare (5-1) x (4- 1) =12.

Generalising we can see that for an mx n table the number of degrees of freedomis (m- 1)(n- 1).

Exanple: Natives of England, Africa and China were dassified according to blood group giving the
following table.
O A B AB
English 235 212 79 83
African 147 106 30 51
Chinese 162 135 52 43

Is there any evidence at the 5% level that there is a connection between blood group and

nationality?

Solution:

Ho:  Thereis no connection between blood group and nationality.

Hi:  Thereis a connection between blood group and nationality.

First redraw the table showing totals of each row and column

O A B AB totals

English 235 212 79 83 609
African 147 106 30 51 334
Chinese 162 135 52 43 392
totals 544 453 161 177 1335

S3JUNE 2016 SDB

27




28

Now we need to calculate the

and 1335 people altogether so

frequency for English and group O. There are 609 English

/1335 of the people are English, and from Hy we know that there

is no cormection between hlood group and nationality, so there should be %155 of those with
group O who are also English

=3 expected frequency for English and group O is

609 _,. 609x54

— xHh44 =
1335

1335

=248.2

this can become automatic if you notice that you just multiply the totals for the row and colunmn
concemed and divide by the total number

0 A B AB totals
English SO - 2482 | 8B4m - D066 | B2d6l- 734 | BT -g)7| 6089
African SO _136.1 | B -113.3 | B0 _403| 317 - 44.3 334
Chinese BEM _150,7 | 2245 - 133 () | 26l - 473 | BT - 5) () 392
totals 544 452.9 161 177 1335
The value of 7 is calculated below
Observed Expected (O-E) 2
frecquency  frequency E
235 248.2 0.70
212 206.6 0.14
79 734 0.43
83 80.7 0.07
147 136.1 0.87
106 113.3 0.47
30 40.3 2.63
51 443 1.01
162 159.7 0.03
135 133.0 0.03
52 473 0.47
43 52.0 1.56
841

Wehave v= (4- 1)(3- 1) =6 degrees of freedom and y2(5%) =12.592.

We have calculated 3* =841 <12.592

= donotrgject Hy and therefore conclude that there is no connection between nationality and
blood group.
S3JUNE 2016 SDB



6 Regression and correlation
Spearman’s rank correlation coefficient

Ranking and equal ranks

Ranking is putting a list of figures in order and giving each one its position or rank.
Equal numbers are given the average of the ranks they would have had if all had been different.

Exanple: Rank the following mumbers: 45, 65, 76, 56, 34, 45, 23, 67, 65, 45, 81, 32.

Solution: First put in order and give ranks as if all were different: then give the average rank for

those which are equal.

Numbers: 81 76 67 65 65 56 45 45 45 A 32 23
Actual rank 1 2 3 4= 4= 6 7= 7= 7= 10 11 12
Rank (if all different) 1 2 3,4 | 5, 6 |7 E‘l 9, 10 11 12
average for equal ranks %: 4} Lg»gzg

Modified rank 1 2 3 4% 4 6 8 8 8 10 11 12

Y ou must now calculate the PMCC, not Spearman, using the modified ranks.

Spearman’s rank correlation coefficient

To compare two sets of rankings forthe same n items, first find the difference, d, between each pair of
ranks and then calculate Spearman’s rank correlation coefficient

6y d?
1
nn*-1)

This is the same as the product moment correlation coefficient of the two sets of ranks and so we know
that

Ts =1 means rankings are in perfect agreement,
Is =-1 means rankings are in exact reverse order;
s = 0 means that there is no conrelation between the rankings.
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Example: Ten varieties of coffeelabelled A, B, C, ..., ] were tasted by a man and a woman. Each
ranked the coffees from best to worst as shown.

Man: G H C D A E B ] I F
Woman: C B H G J D I E F A
Find Spearman'’s rank conrelation coefficient.

Solution: Rank for each person, find d and then ry,

Coffee Man Womnen d &
A 5 10 -5 25
B 7 2 5 25
C 3 1 2 4
D 4 6 -2 4
E 6 8 -2 4
F 10 9 1 1
G 1 4 -3 9
H 2 3 -1 1
I 9 7 2 4
J 8 5 9

86

2
P G- o

= _11(112—1): —1Ox99:0.521212:0.521 to 3SF

Spearman or PMCC

Use of Spearman’s rank correlation coefficient

i) Use when one, or both, sets of data are not from a nonmal population.

(ii))  Usewhen the data does not have to be measured on scales or in units (probably not nonmal).

(iii) Usewhen datais subjective — e.g. judgements in order of preference (not normal).

(iv)  Canbe used if the scatter graph indicates a non-linear relationship between the variables, since
the PMCC is used to indicate linear correlation.

(V) Do not use for tied ranks (Spearmman fonmula depends on non-tied ranks).

Use of Product moment correlation coefficient

1) Use when ranks are tied - see above: modify the ranks and then use PMCC on the modified
ranks.

(ii) Use when both sets of figures are nommally distributed (this will not be the case when using
Tanks).

(iii)  Usewhen the scatter diagram indicates a linear relationship between the variables - i.e. when
the points lie close to a straight line,
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Testing for zero correlation
N.B. the tables give figures for a ONE-TAIL test

Product moment correlation coefficient

PMCC tests to see if there is alinear connection between the variables. For sirong correlation, the points
on a scatter graph will lie close to a straight line.

S
Reminder PMCC =p =—_%

.S,

Exanple: The product moment conelation coefficient between 40 pairs of values is +0.52. Is there
any evidence of correlation between the pairs at the 5% level?

Solution: Hy:  Thereis no conelation between the pairs, » =0.
Hy:  Thereis conrelation, positive or negative, between the peirs, p= 0, two-tail test

From tables for n =40 which give one-tail figures, we nust look at the 2.5% colurmn and the critical
values are +0.3120

The calculated figureis 0.52 >0.3120 and so is significant

=5 we rgject Hy and conclude that there is some correlation (positive or negative) between
the pairs.

Spearman’s rank correlation coefficient

Speanman tests to see if there is a connection (or correlation) between the ranks.

Exanmple: It is believed that a person who absorbs a drug well on one occasion will also absorb a
drug well on another occasion. Tests on ten patients to find the percentage of drug absorbed gave
the following value for Spearman’ rank correlation coefficient, r; =0.634. Is there any evidence at
the 5% level of a positive correlation between the two sets of results.

Solution: Hy:  Thereisno conelation between the two sets of results, o5 =0,
H;:  Thereis positive correlation between the two sets of results, o5 >0, one-tail test.
From the tables for n =10 and a one-tail test the critical value for 5% is 0.5364.
The calculated value is 0.634 > 0.5364 which is significant

=  rgect Hy; conclude that there is evidence of positive conrelation between the two sets of
results.

Note that this shows correlation between the ranks of the two sets of results.
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Comparison between PMCC and Spearman

Exanple: A random sample of 8 students sat examinations in Geography and Statistics. The product
moment correlation coefficient between their results was 0572 and the Speanman rank conrelation
coefficient was 0-655.

(@) Testboth of these values for positive conelation. Use a 5% level of significance.
(b) Comment on your results.

Solution:
(a) Hy: p=0; Hy: p>0
Forthe PMCC
the 5% Critical Valueis 0-6215
0572 <0-6215 =  notsignificant at %5

= thereis evidence that there is no positive correlation.
For Speanman’s rank cornrelation coefficient

the 5% Critical Value is 0-6429

0655 >0-6429 =% significant at 5%

= thereis evidence of positive correlation.

(b)  Fromthe PMCC thereis not enough evidence to conclude that as Statistics marks
increased Geography marks also increased
— i.e. conclude that the points on a scatter diagram do not lie close to a straight line,

From Speanman’s rank correlation coefficient there is evidence that students ranked
highly in Statistics were also ranked highly in Geography, or people with high scores in
Statistics also had high scores in Geography
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7  Appendix

Combining random variables

LetXandY be random variables with probability distributions
X ~ {Xy, X, X3, ..., Xn} with probabilities (pi, p2, ps, ..., pn), and
Y ~ {Y].IYZIY& JYH]} Wiﬂlprojkﬁhihﬁ% (qlt q?-‘ q?u my qm);

Then the random variable X +Y is all possible combinations x; +y; as ivardesfrom1tonand j
vares from 1 to m

Let P(x; +y;) =n;.
m

Notice that Zrij =1yt rptrat o, = o
j=1

and, similarly, an = q;

E[X+Y] = E[X] +E[Y]

il(xl +yj)ru ZZx ri; + ZZerU
YT+ Tn¥n

m
XiDi + Zyjqj

=1

M:

E[Xx +Y] =

1l
H

D

]
[y

i

= E[X+Y]= E[X]+ E[Y]
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Var[X +Y] = Var[X] + Var[Y]

In this case we take X and Y to beindependent,
= r; =P(x and y) = P(x) X P(y;) = p Xg.
Alsonoticethat }p; = Y q; =1

ValX +Y] = (X +Y)? - (EX+Y])?
ZZZ(xi +)’j)27"z‘j — (E[X]+E[Y])?
T 5

:szizpiqj + ZZZXiJ’jPin +ZZJ’j2PiCIj — ((E[XD? + 2E[X]E[Y] + (E[YD?*)
T T T

= inzpiz q; + szipizyj(?j +Zyj2qu p; — (E[X])?* — 2E[X]E[Y] — (E[Y]D?
5 7 : i 7 i

= > x2p+ 2BIXIEIY] + ) y,%q; — (EIXD)? = 2E[XIE[Y] - (E[Y])?
L J

= E[X2] — (E[X])? + E[Y?] — (E[Y])?

= ValX+Y] = VaiX] +ValY], if X and Y are independent.

Unbiased & biased estimators
Unbiased estimators

Anestimator A fora parameter A is said to be unbiased if E[A] = A.
Example:

A bag has 468 beads of two colours, white and green. 20 beads are taken at random and the mumber; i, of
green beads in the sanple is counted.

To estimate the true mmber of green beads, g, in the bag, we calculate
g = x 468.
If g is the true mumber of green beads in the bag
then the probehility of drawing a green bead inasingletrial is p = 2,
and drawing n =20 beads with replacement gives a Binomial distribution B (n, p).
Thus x = E[i] = mp =20x4%
We do not actually know the number of green beads, and want to estimate this mumber after taking one
sanple
estimate § = - X 468.
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‘We now find the expected value of this estimate

= Elgl =E[ x 468 =32 x Ei] =3 x20 x ;& =g, thetrue nurmber

< the expected value of the estimator, g, is equal to the true value, g
= the estimator, g, is unbiased.

Biased Estimators
Anestimator A fora parameter A is said to be biased if E[A] = A.

Exanple

A nahuralist wishes to estimate the number of squinrels in a wood. He first caliches 50 squinrels, marks
them and then releases them. Later he catches 30 squinrels and counts the mumber, i, which have been
marked.

The true number in the population, n, is then estimated as # from the equation

0 i - 1500
= — =D n = o
30

~ 30,1500
Now Eli]= 20: :
i.e. itis possible thati =0, in which case the estimate 7 is infinite when i =0,
= F[#] is also infinite and so cannot be equal to its true value
=  inthiscasetheestimator 7 = 3% ishiased.

w1l

i

> |

*B

Unbiased estimates of population mean and variance

Let X be a random variable drawn from a population with mean 1 and variance o 2, then
HX] =4, and VafX] =¢>.
A random sample, Xi, Xo, X3, ..., Xy, of size n is taken from the population.

The sample meanis X = %(X1+X2 + X3+ ..+ Xp).
= E[X]=g,ad VaiX] =¢2 fori=1,23 ..., n.

Unbiased estimate of the mean
BIX] =E[-(X + X+ X+ ot X)| == (E[X,] + E[X] + E[X;] + - E[X,])

= (U A+ ) =
= E[X] =y, the true value of the mean
= E[X] is an unbiased estimate of the mean of the population.
S3JUNE 2016 SDB 35



Unbiased estimate of the variance of the population

Preliminary results
@  VaiX]=FE[X?* - (E[X])? = E[X*- x°
=  EX? =ValX] +u? =02+ u? I

(i)  ValX] =E[X?] - (E[X])*> =E[X?]—p?
= E[X?] =ValX] +u°
=Var[%(X1+X2+X3+ ...+Xn)] £ 2
= Var[Xy + Xp + Xg + ot K] + 41
=niz (Var[X,] + Var[X,] + Var[X3] + - + Var[X,]) + z*
=—(o?+ot+ol+..+02) +4°

= E[X}] =-0’+u’ II

Proof
Thevarance of Xi, Xy, X5, ... , Xy isdefined to be

Variance = (sd)* =-3 x;* — X?
= E(sd? =E[Xx*- ¥
=E[ 23 x?] - E[X?]
= E[£X,"] - E[X?]
= ¥ E[X?] - E[£?]
=%Z(02 +u*) — E[X?] since E[x;2] =(o? + u2) fromlI
= %(n(ﬂ2 +pu?) - (%02 + ;F)) since E[7?] =(6? + 4 fromll

= HEdP =62+4) - (o2 + ) =207

Thus E[(s.d)?] is not equel to the true value, and so (s.d.)? is a biased estimatorof o 2,
but multiplying both sides by ﬁ , We can see that
nnT1 (s.d.)? isanunhiased estimator of ¢ %
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Bias

Exanple: A large bag contains counters: 60% have the number 0, and 40% have the mmber 1.
(@ Findthemean, x4, andvariance o2
A simple random sample of size 3 is drawn.
(b)  Listall possible samples.
(©  Findthe sampling distribution forthe mean ¥ = =222
(d  Useyouranswers to part (c) tofind E[X], and Var [X].
(e)  Find the sampling distribution forthe mode M.
(f)  Useyouranswers to part (e) tofind E[M], and Var [M].

Solution:
@ u=xxp; =0x06 +1x04 =04
=Y x2p; - ui=(Px06 +1>°x04) - 042 =024
(b) Possible samples are
(0,0,0) (1,0,0 (1,1,0) (1,1, 1)
(0,1,0 (1,0, 1)
(0,0, 1) 0L1
(o) From (c) we can find the sampling distribution of the mean

X 0 £ 2 1
3 3
p 06 3x 06 x 04 3x 06x 047 0-4°
0216 0432 0-288 0-064

(  E[X] =0x 0216 + - x0432 +-x0288 + 1x 0064 = 04

vaif] =(0Px 0216 + (£) %0432 + (2)" x 0288 + 1°x 0064) - 042

= Var{X] =008
(e From (c) we can find the sampling distribution of the mode

M 0 1
p 06°+3x 0-6°x 04 3x 06x 04% +04°
0648 0-352

(f) E[M]=0x0648 + 1x0352 = 0352
VaiM] =(0?x 0648 +12x 0-352) - 0-3522
=  VaiM] =022809%
Thus the sample mean is an unhiased estimator of the mean of the population
since E[X] =04 =y, the truevalue
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but the sample mode is a biased estinator of the mode of the population
E[M] =0352, but the true value of the mode of the population is 0.
We say that the biasis E[M] - (thetruevalue) = 0352- 0 =0352

In general, if 1 is a biased estimator of the parameter 4 then the bias is defined to be
bias =E[1] - A
In the above example, the bias in estimating the mode from the sample is
bias = E[M] - truevalue
= 0352 -0 =0352
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Probability generating functions
Probability functions are a neat idea, and are useful for finding the expected mean and variance for
distributions which have a probahility generating function which is easy to differentiate.
If X is arandom variable on the set [1, n], then G(t) = p, + pit + pot? + ... + p,t" isaprobability
generating function, p.g.f.,

n
if (i) przL and (i) p; =0 Vi
1

PX =1) = the coefficient of t. The probahility generating function can be thought of as a probahility
labelling function, where t acts as alabel forthe probability that X =i.

Expected mean and variance for a p.g.f.
We know that EX] =3Yxpi =0xpy+1xXp;+2Xp,+ .. +nXp, = Yip;
and that VafX] = E[x?] — (E[X])?

= 02xXpy+ 12xp+22xp,+ .. + 02 xp, — Qip;)?

Noticethat G'(t) =0xpy+ 1Xp+2Xpt+3Xpst?+ .. +nXp,t"7!

= G() =0xpy+ 1xp;,+2Xp,+ 3Xp3+ .. +nXp,
= Expected mean = E[X] = G'(1)

and G'(t) =0X (=) Xpyp+ 1X0xXxp;+2X1Xp, +3X2Xpst+ .. +n(n—1) xXp,t" 2

n n n
= G'(1)= ) iGi=Dp = ) i = ) iy
1 1 1

n

n
= Z i’p; = G"(1) + Z ip;
1

1

= Var[X] = i i’p;, — (Zn: ipi)

1 1

— ValX] = G’"(1) +G'(1) - (G'(1))?

2

Thus for a probability generating function G(t) = py + pit + pot? + ... + p,t™,
E[X] = G'(1) and Var[X] = G”(1) +G'(1) - (G"()~
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Mean and variance of a Binomial distribution

If X ~B(n, p) then PX =i) ="Cipq*’, where p+q=L
These probabilities are the coefficients of t in the expansion of (q +pt)"
= thep.g.f. forthe binomial distribution B(n, p) is G(t) =(q +pt)".
= G(@) =nplg+pt™, and G'(Y) =nm- Dp’ (q+py™>
= u =E[X] =G(1) =mp
and o?=VaiX] = G"(1) +G(1) - (G'(1))?
=n(n- Dp’ +mp- (np)* = 0'p’ - np’ +1p- 'p’
= ¢?=ValX] =nmp(l-p) or npq.

Mean and variance of a Poisson distribution

i —A
If X ~ Po(2) then inagiveninterval, P(X =i) =2 ©
inaninterval of thesamelength,i =0, 1, 2, 3, ...
die=2 oA .
_ [ _ - I - t
= G(t)—zi!t—e Et—ee
i=0 i=0
=5 G@) =le M and G'(t) = 12eteM
= u =EX] =G(1) =4 e let =1
= u=EX = A

and o2=VafX] =G"(1) +G(1) - (G(1)
=A% 4 — 2
— 02=V81{X] =41

sncep+qg=1

, where A is the mean number of occurrences

since e tet =1
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