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Sine Rule

The Sine Rule states that for any triangle (not just right-angled triangles), the ratio of
the length of a side to the sine of its opposite angle is constant.

A

(@)

B a

The ratio can be written as:

‘When looking for sides.

a _ b _ c
sin A sin B sin C

When looking for angles.

sin A sin B sinC

a b c

where:
a, b, ¢ = sides of the triangle

A, B, C = angles opposite sides a, b, ¢

‘When to Use the Sine Rule

« When you know two angles and one side (AAS or ASA cases).
« When you know two sides and an angle not included between them (SSA

case).

« Can apply to all triangles right-angled and non-right angled. The Sine Rule is
particularly useful for non-right-angled triangles.

Example 1

This copy belongs to Name Nickname Surname



Online Lessons: 0774 031 378 Exam Cheat Code: Maths 4

Given triangle ABC, with A= 30°, B=45° and a = 7cm , find b

45°

B C

7cm

We are looking for a side b, we have information for sides and angles of A and B, we
have nothing on C.

When looking for sides.

a b

sinA  sinB
7 o b
sin30°  sin450

. 7 b .
sin 45° X — =— X sin 45° (multiply both sides by sin 45° to isolate b)
sin 300 sin 459
. 7 b .
sin 45°% X — = —— X sin45% (sin45° cancels out on the RHS)
sin 300 sin452
sir.145°><7 —p
sin30°
7 sin 45°
S.m— =b (use calculator in degrees mode)
sin 309
9.90cm=b
+b=9.90cm (to one decimal place)
Example 2
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Given triangle ABC with sides a =8cm, b=10cm and angle BAC = 50°, find B.

A
50°
10cm
m
B 8cm =
A
50°
10cm
el
B 8cm ~

We are looking for angle B, we have information for sides and angles of A and B, we
have nothing on C.

When looking for angles.

sinA __ sinB

a b

sin50? _ sinB

8 10
e ;
10 % Sm;o = SlanB x 10 (multiply both sides by 10 to isolate sinB)
— .
10 x sm8 L. Sl;@B x 10 (10 cancels out on the RHS)
3 o
10 x 2% — sin B
in =00
10xXsin 50 —sinB
0.9576 =sin B

sin"1 0.9576 = B

73.2° =B
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~B=173.2° (to one decimal place)

Exercise la [30 marks] [Answers]

Leave lengths to 3 significant figures and angles to 1 decimal place.

1. Given that YXZ = 64°, XZY = 50°,x = 11.6cm. Find z

X
647
z
50°
Y Z
11.6cm [3]
2. Given that PQR = 47°, q=6cm, p=8cm. Find angle P.
P
6cm
47° R
Q
8cm [3]
3. Given that BAC = 62°, ACB = 30°, b=10cm. Find a
A
62°
10cm
B 30° C
o 3]
4. Given that ABC = 48°12°, c=9.7cm and b=8.8cm. Find angle C.
A
48°12'
B C B

5. In AABC, A = 40°, B = 60°, a = 15 cm. Find the length of side b. [3]
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6.In APQR, p = 12 cm, Q = 45°36', R = 60°12’. Calculate the length of side q. [3]
7.In AMNO, m = 8 cm, N = 53°, O = 47°. Calculate the length of side n. [3]

8.In AXYZ, x =10 cm, y = 12 cm, X=49° cm. Find angle Y. [3]

9.In AEFG, e = 18 cm, f = 12 cm, E = 67°19". Calculate angle F. [3]

10. In AJKL, j = 20 cm, k = 24 cm, J = 45°. Find angle K. [3]

Cosine Rule

The Cosine Rule is useful for finding the lengths of sides or angles in any triangle, not
just right-angled triangles. The Cosine Rule is particularly useful for non-right-angled
triangles.

A

B a C

Finding sides:

a’?=b?+c?—2bccos A
b* = a* + c* — 2accosB
c* =a?+ b*—2abcosC

Finding Angles:

b2+c2-q2
cosA =
2bc
aZ+c2-p2
cosB =
Zac
2 2 2
a“+b“—c
cosC =
2ab
where:

a, b, ¢ = sides of the triangle

A, B, C = angles opposite sides a, b, ¢
When to Use the Cosine Rule

« When you know two sides and the included angle (SAS case).
« When you know all three sides and need to find an angle (SSS case).
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Example 3

Given that ACB = 602,b=8cm and a=7cm. Find ¢

A
C 8cm

60°
B

7cm

c?=qa?+hb%—2abcosC

)

2 =72 482—-2x7x8xcos60°

c? =49 + 64 — 112 X cos 60°

c? =113 — 112 cos 60° (use a calculator in degree mode)
g% = 57

VeZ =57

¢c="7.55cm (to 3 significant figures)
Example 4

Given that triangle ABC sides AC=6cm, AB=5cm and BC=7cm. Find all its angles.

A

5cm 6¢cm

B
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Finding angle, A

p24+c2—q2
2bc

cos4d =

_ 62+452-72
2ZX6X5

_ 36+25-49
- 60

12
60

A =cos™! (%)

A=178.5°

CosA =

Finding angle B

a?+c2-p?
2ac

cosB =

_ 7%452-62
T 2x7x5

_ 49+25-36
- 70

_ 38
cosB = 70

_ -1 (38
e
B =57.1°

Finding angle C

Angles in triangle add up to 1807, since we now have two of the angles so to find the
third, we add the two and subtract from 180°

C =180° — (78.5° + 57.1°)
= 180° — 135.6°
= 44.4°

Exercise 1b [30 marks) [Answers]
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Leave lengths to 3 significant figures and angles to 1 decimal place.

1.Find a
B
a 6cm
50°
C 7cm A
2. Find ¢
A
4cm c

3. Find all three angles.
C

8cm o

A 11cm B
4. Find all three angles.

7.6cm 4.8cm

b

B 9.2cm C

5. Given that B = 132°, a=5cm and ¢=5.9cm. Find b
6. Given that ¢ = 33°12', b=4.5cm and a=6cm. Find ¢
7. Given that A = 142,2°, b=42cm and c=22cm. Find a
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8. Given that a=4.5cm, b=3.3cm and c¢=2.2cm. Find all three angles.
9. Given that a=5.8cm, b=4.1cm, and c=7.2cm, find all three angles of the triangle.
10. Given that a=6.2cm, b=3.5cm, and ¢=5.9cm, find all three angles of the triangle.

Example 5

13cm W

(a) Find the length of WZ

(b) Find the length of XY

(c) Find angle ZWX

(d) Find the shortest distance from Z to XW.

(a) Find the length of WZ
We will use triangle WXZ, we two sides and an angle and we are looking for the side
opposite the given angle so we use the cosine rule.

(WZ)% = 102 + 132 — 2(10)(13) cos 40°
=100 + 169 — 260 cos 40°
= 269 — 260 cos 40°

(W2)? = 69.8284448 (use a calculator in degrees mode)
J(WZ)2 =+/69.8284448 (use calculator)
WZ=8.36cm

(b) Find the length of XY
We will use triangle XYZ, we have two angles and a side so we will use the sine rule to
find XY.

X 13cm W
We first find the angle YZX (angle in blue) which is opposite XY.
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YZX = 180° — (100° + 30°) (angles in a tringle add up to 180°)
= 180° — 130°
= 50°

Now we find XY using the sine rule.
XY 10

sin50°  sin100°

XY 10

sin 509 x o sin 50° (multiply both sides by sin 50° to isolate XY)
XY = % (use a calculator in degrees mode)
XY =7.78cm (to 3 significant figures)

(c) Find angle ZWX
We are going to use triangle WXZ, to find angle W we can use either the cosine rule or
the sine rule. We are going to use the sine rule.

X 13cm W

sinW _ sin40°
10~ 8.36

sinW __ sin40°

10X —=——
10 8.36

x 10 (multiply both sides by 10 to isolate sin W)

— 10Xsin40°

sinlW = —a36 (use a calculator in degrees mode)

sinW = 50.3° (to one decimal place)

(d) Find the shortest distance from Z to XW.

The shortest distance from Z to XW is perpendicular to XW. To find h (the shortest
distance from Z to XW) we use trig ratios. In the right-angled triangle h is the opposite,
and 10cm is the hypotenuse. So, we use Sine.
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. __ opposite
sing = hypotenuse
sin40° = X
10
10 x sin40° = 1}1—0 x 10 (multiply both sides by 10 to isolate h)
10sin40° = h (use a calculator in degrees mode)
6.43cm=h
~h=6.43cm (to 3 significant figures)
Example 6
X 2x Z
120°
2cm

4x

Y

In the diagram, XYZ is a triangle in which YX = 2 cm, XZ = 2xcm, YZ = 4x cm and YXZ =
120° .

(i) Form an equation in x and show that it reducesto 3x? —x -1 =0.

(ii) Hence find the value of x to 3 significant figures.

(i) Find YZ.

(i) Form an equation in x and show that it reduces to 3x* —x —1=0.
We use the cosine rule to create the equation.

(4x)? =22+ (2x)?* — 2 % 2x X 2 X cos 120°

16x2 = 4 + 4x% — 8x x (—0.5) (cos 120° = —0.5)

16x% = 4 + 4x% + 4x [—8x X (—0.5) = 4x]
16x%2 —4x? —4x —4 =0 (collect everything on the left side)
12
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12x2 —4x—4 =0 (16x2 — 4x? = 12x?)
4(3x* —x—-1)=0 (factor out 4)
4(3x%-x-1) _0

4 4 (divide both sides by 4)

3x2—-x-1=0

(if) Hence find the value of x

To find x we solve 3x* — x — 1 = 0 using the quadratic equation.
a=3,b=-1c=-1

. —b+vVbZ2—4ac
- 2a

—(-D+ ’(—1)2—4><3x(—1)

2X3

1+V13 1-13
o 1 TE or ——

= 0.768cm or —0.434cm

We discard the value —0.434cm because length cannot be a negative.
~x=0.768cm

(i) Find YZ.

YZ = 4x

=4x0.768

=3.072cm
Exercise Ic [30 marks] [Answers]
1.
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(i) Find AD. [3]
(ii) Find AB. [3]
(iii) Find the shortest distance from B to AC. [2]
(iv) Find the area of triangle ACD. [3]
2.
A

C

In the diagram, ABC is a triangle in which AB = xcm, BC=2x cm, AC= +/T12 cm and
ABX = 60°

(i) Form an equation in x and show that it reduces to 7x* — 112 =0 [3]

(ii) Hence find the value of x.  [3]

(iii) Find BC.  [1]

3. AXis parallel to BC, XAC = 50°
. X

B

6cm

(i) Find AB.  [3]
(ii) Find the shortest distance from A to BC. [3]
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(i) Find AD. [3]
(ii) Find ABC to 1 decimal place. [3]
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Unswers maths book: 4

Exercise 1a  back to [Trigonometry]
1.9.89cm [ Dy, HLLsD ] [z _ 116sin 500]

sin 509 sin 649 sin 642
29790 sinP _ sind7% [oin p = S947°) (60 p = 0.9751..][P = sin~1(0.9751...)]
8 6
o _ % e G _ 10 _ 1osin629]
3.8.83cm [B =140 (62"+30"= 1 ] [s1n62° - sinSB”] [ ~ sinssgo |
o o 04T o O04~t
4.55.3° [Hhe = S92 | [gin ¢ = 22  [gin € = 0.8217..][C = sin 1(0.8217 ...)]
b 15 15sin60°
5.20.2cm [sin 609  sin 40"] [b ~ sin40° ]
6.8.91cm [P =180° — (45°36' +30°12") = 74°12 ][ = ] [ - 12_Si“4j°3f]
sin 45936 sin74°12 sin 74912
_ o _ o o _ o 8 _ 8sin53°
7.6.49cm [ = 180° — (53° +47°) = 80°] [ = 2] [n = 2022
i i o
8. 64.9° [FnF = 8229 [in v = 29009 finy = 0.9057.. ][Y = sin"(0.9057 ...)]
9. 38° [S“‘F = M] [Sin Y = m] [sinY = 0.6151..][Y = sin"(0.6151 ...)]
12 18
10. 58.1° [S;“f - S‘““‘D] [ n =2 ] [sin K = 0.8485..][Y = sin~(0.8485 ...)]
Exercise 1b [Trigonometry]

1.5.57cm
[a? = 6% + 72 — 2(6)(7) cos 50°][a® = 36 + 49 — 84 cos 50°][a? = 85 — 84 cos 50°][a = V85 — 84 cos 507]
2.2.59cm
[c? =42 + 52 — 2(4)(5) cos 31°][¢? = 16 + 25 — 40 cos 31°][c? = 41 — 40 cos31°][c = V41 — 40cos 317]

3. A=32.2° B =452°( =102.6°

8%+11% -6 _ 64+121-36 _ 149 _q1 {149
[cosA = ] [A =cos™! (—)}

2x8x11 176 T 176 176
62+11%-8? _ 36+121-64 _ 93
[CUSB = B =cos™? (—
2x6x%11 132 T 132 132

[C = 180° — (45.2° + 32.2°)]

4. A =93% B =314° C = 55.6°

7.62+14.8%2-9.22 _ 57.76+23.04-81.64 _ —3.84 _q (-384

C0SA = = = A = cos
2X7.6X4.8 72.96 72.96 72.96
7.62+9.22-48%2  57.76484.64-23.04 _ 119.36 _q {11936

cosB = = = B =cos
2X7.6X%9.2 139.84 139.84 139.84

[C = 180° — (31.4° + 93°)]

5.9.96cm
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[b2 = 52 +5.9%2 — 2(5)(5.9) cos 132°][b% = 25 + 34.81 — 59 cos 132°][b? = 59.81 — 59 cos 1320][1_1 =
v59.81 — 59 cos 132°]

6. 3.33cm

[c2 = 62 + 4.52 — 2(6)(4.5) cos 33°12] [c2 = 36 + 20.25 — 54 cos 33°12'][¢2 = 56.25 — 54 c0s 33°12'][¢ =
/56.25 — 54c0s33°12'|

7.60.9cm

[a% = 422 + 222 — 2(42)(22) cos 142.2°][a? = 1764 + 484 — 1848 cos 142.2°][a? = 2248 — 1848 cos 142.2°][a =

V2248 — 1848 cos 142.2°|

8.4 =1081° B =44.2° C =27.7°

3324222457 _ 10.89+4.84-2025 _ —4.52 _q (452
cosA = A = cos
2%3.3%2.2 14.52 T 1452 1452
4524222337  2025+4.84-1089 _ 142 _q[142
cosB = B =cos™ (—
2X4.5%2.2 19.8 ETY) 19.8

[C =180° — (108.1° + 44.2°)]

9.4 =53.6% B =347 C =91.7°

4.12+72%2-582  16.81+51.84—33.64 _ 35.01 _4 {35.01

cosA = = =——|A=cos " |—
2%4.1X7.2 59.04 59.04 59.04
7.22+4582-4.1% _ 51.84433.64-16.81 _ 6867 _q [68.67

cosB = = B=cos " —
2x7.2X5.8 83.52 83.52

[C = 180° — (53.7° + 34.7°)]

10. A = 78°; B = 33.5%, € = 68.5°

3524592622  12.25+34.81-3844 _ 8.62 _q (862
cosA = = =—||A=cos " |—
2X3.5%5.9 413 413 413

6.224592-3.52 _ 38.44434.81-1225 1 61
cosB = B = cos
2X6.2X5.9 73.16 ~ 7316 73.16,

[C = 180° — (78° + 33.5°)]

Exercise 1c  [Trigonometry]

. (i) 20 cm (cosine rule)

[AD? =122 4+ 157 — 2(12)(15) c0s 95°][AD? = 144 + 225 — 360 05 95°][AD? = 369 — 360c0595°][AD =
1369 — 360 cos 957

(ii) 8.29cm (sine rule)

_ _ 12 __ 12sin38°
[B 180% — (25° + 380)] [ sin38?  sin 1170] [AB ~ sin117° ]
(iii) 3.5cm [sin 250 = 8";] [x = 8.295in 25°]
(iv) 89.7¢cm? [area = 1x 12 x 15 X 5in 95° = 90 sin95"]

2. (i) [(\/@2 = x2 + (2x)? — 2(x)(2x) cos(180° — 60")] [112 e %)] [112 = %% +

4x? + 2x?|[112 = 7x?][0 = 7x? — 112]
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(ii) 4cm [7x% =112] [ 2 = %] [x = % =16 = i4][74 is discarded length cannot be negative]
(iii) 8cm. [2x=2x4=8]

3. (i) 4.74cm (cosine rule)

[AB? = 57 + 62 — 2(5)(6) cos 50°][AB? = 25 + 36 — 60 cos 50°][AB? = 61 — 60 cos 50°][AB = v61 — 60 cos 507
(ii) 3.83cm. [sin 50° = g] [x = 5sin507]

4. (i) 11.6cm (sine rule)

[ABC = 180° — (47° + 40°)] |

AD _ 18 ][ _185in40“]
sin 409 sin 939

~ sin93°

(ii) 82.8° (cosine rule)

A 122+152-182  144+225-324 45 _q1 [ 45
[COSABC = = = —] [A =cos ! (—)]
2x15%12 360 360 360
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